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Dynamics of Electrically Charged Extended Bodies:
Classical and Quantum Systems

Terje Aaberge'
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We present generalizations of classical mechanics and quantum mechanics that
make it possible to describe N charged extended bodies. In particular, we are
able to write down a set of coupled equations for the system of N bodies plus
field. The theory is based on a theory for the description of N charged chemical
fluid components.

1. INTRODUCTION

How can we justify theoretically the use of the Coulomb potential in
atomic physics? This is in essence the question motivating our research, the
result of which is presented in this paper. The answer could be that one
should write down a self-consistent set of Maxwell plus Schrodinger
equations and then prove that under reasonable boundary conditions the
Coulomb potential appears (at least as an approximation) in a solution of
this system.

There is an immediate obstacle to the formulation of such a system of
equations. In fact, Maxwell’s electromagnetic field equations are “Eulerian,”
i.e., the field quantities are functions on space X =R’ while the particle
dynamical equations are “Lagrangian,” i.e., the configurations of an N-body
system is described by N-tuples (xi,...,x%\)eX"™. To surmount this
difficulty we have assumed that a charged N-body system can be given a
Eulerian description as a system of N charged chemical fluid components
(Aaberge, 1986a,b, 1987) associated with a set of boundary conditions that
are such that the chemical components are spatially separated.

This approach also solves another problem, that of finding candidates
for what should be the charge and current densities for an N-body quantum
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system. They are simply introduced as new independent quantities. This
procedure is justified by the success of the application of the Coulomb
potential in the construction of models of atoms, which indicates that even
an electron or a proton sees the other particle in the hydrogen atom as a
point particle, whatever the state of the atom. This rules out a possibility
that otherwise might have been suggested, that the charge densities are
related to the norm squared of the wave function.

The state space of a continuum system is a Banach manifold %(%) of
sections y: X =R’ & of a fibered manifold 7:%- X. The (extensive)
observables of the system are functions F:%(&)-R, represented as
integrals F(vy) =j‘yfd3x, where f:J,(€)>R is a function on the g-jet
extension J, (&) of &, i.e., of y and its derivatives up to order g. Finally,
the equations of motion are represented by ordinary differential equations,
i.e., by vector fields on %(&). These vector fields are specified by a symbol
x whose components are functions on J,(€), and a set of boundary condi-
tions.

The local extensive observables of the fluid component n are the
momentum density ,;, mass density p,, and charge density gq,. The
dynamics is assumed to be Hamiltonian, and the symbol for the dynamical
vector field x" is constructed from the energy function U. As part of the
boundary conditions, it is assumed that for any moment of time, the support
of m,; is contained in the support of p,,, i.e., the portion of the space occupied
by the component n. Because of the separation of space that follows, the
interaction between the spatially separated components must be simulated
by the boundary conditions. To do this, we introduce a set of generalized
irrotational conditions that permit us to establish a potential w for the local
momentum. The equation of motion w= x™(w) of the potential w, which
is determined from the original equations of motion, is a priori valid only
on the portion of space occupied by matter. It can, however, in “natural”
ways be extended also to the void. We give two extensions. One corresponds
to the classical N-body system. Then w is identified with the Hamilton-
Jacobi action function, and the extension of the equation of motion is the
Hamilton-Jacobi equation. The other extension considered describes the
system of N quantum bodies. Then w is identified with the phase of the
wave function and the extension of the equation is the equation for the
phase as obtained from the Schrodinger equation.

2. DEFINITION OF THE SYSTEM

The state space B(%) of the system is a priori associated with the
fibered manifold (Aaberge, 1986a,b; Pommaret, 1978; Palais, 1968),

€->X
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where
€ ={(x"; uis Pn, 4n, D', B') e R xB*Y xRY xR%}

X ={(x)eR’}
but a posteriori subjected to the constraints
a=0, B:O, %ZO, Amj:O

for
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where m, = [xp,d’x and e, =[x g, d>x are the total mass and the total
charge of the nth body, respectively. The local extensive observables of
momentum density ,;, mass density p,, and charge density g, of the nth
body and of the electric displacement D' and magnetic induction B’ are
represented by the functions € >R,

(=70 Pa()=pn,  du(")=q., D'(:)=D, B'(-)=FB

According to the laws of thermodynamics, any (thermodynamic) system is
associated with an energy function, i.e., in this setting, with an energy
density (Aaberge, 1986b)

a:J,(&)-R

To give i is equivalent to giving a representation of the intensive observables
of velocity vi,, chemical potential w,, and electric potential V, of the nth
component, electric field E;, and magnetic field H,. They are represented
by the functions J,(€)~R,

D)=V 40, Au()=V,40),  Vu()=-V, ()
E()=Vpi(-), H()=Vgi(-)
where. V denote the “functional” derivative, i.e.,

Vy =8y —V,-Gy"‘FV,-Vjay,ij" Tt
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and y, corresponds to the variable representing the partial derivative of
y(x),

yi(x)=9,y(x")

3. THE DYNAMICS
Let € be the fibered manifold
€={(x'; t, 01, D', A)e- - }> X
and let w denote a symplectic form on the fibers, associated with the symbol

0=y du, rnde,+dA; ndD’

Moreover, denote by ¥ the submersion
() j, =det(p},;) # 0}
>E={%|a=0,=0,%,=0,4,,=0,n=1,...}
(X5 iy s D', Apy i, @y DYy Aiy)
= (X5 @ity = €n g, % @iy M, Jio, %n®Pn
D= Y emjo %m®Pm, D' 67 A, ;)
m#n
The Hamiltonian of the system is, by assumption, the function
B {Ja(®)j,, #0}->R

obtained by the pullback of the restriction of J,('¥) to {Jq(%)l Jo, %0} of
the restriction of 4 to E.

Proposition 1. The pushforward of the Hamiltonian vector field
XM=V ih =V, hVsh —Vph)
under ¥ has the components
X" () = =V (%) = TogV 0% = puVihn + 4uV i Vi + G (E; + 0% B)
X"(pa) ==Vi(pyv})
x"(g.) ==Vi(g.v})
x"(D")=e"VH~¥ q.v,

x"(B")=—&"V,E,
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Proof. The result is obtained by a direct computation, noticing that
V(p,i,}; = ~Vj(uniuj;1) "Vj(enjw,,%n°<Pn(‘P{:,i)_lAkUﬁ)
+nj g, (8% )°@uAKOR = V[ My f g, %o @ (@) ]
a0, (0, %0) @abtn = L V;Lemd o ’m®@m (@)~ Vil

m#n
+ Z emj¢,,(ay,5,xm)°¢mvm
m
m#n
A_ ' .
“m‘h - ‘P"ij"

v
Vph=3V,V,+E
Vah=Ve"™H -3 q.0,

Proposition 2. The total energy, total momentum, total mass, total
charge, and total magnetic flux through any closed surface are conserved.
Proof. Computation gives

XH(u) = _Vr[z (wnjvi + Pnfn — ann)vja + EijkE;'Hk]

XL 7ni+ &5 D’B¥)
=-VA{Y m.v),+ P, — D’E
—B'H+ & [~ u+T (w0 + puttn = 4a V) + D*Ec+ B°H, ]}
where P'}#O only if u is effectively a function of =, ;, pni,.... The

expression for P’; is found in Aaberge (1986a, p. 398).

Proposition 3. The constraints are invariant under the dynamical evol-
ution, i.e.,

X@=0,  x"B)=0, x"(F)=0, x"QA.y) =0,
n=12...,N
on the subspace satisfying the constraints & =0, ,é =0, y,=0, and ﬁnij =0
for all n.
Proof. Direct computation.

Supplemented with the proper boundary conditions, the symbol x™
defines a vector field that is supposed to describe a system of N charged
bodies. It is evident that it might be difficult to construct an actual solution
to such a system. However, we will justify the claim that it might be so by
specifying some of the boundary conditions that one must assume.
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4. THE LOCAL MOMENTUM POTENTIAL

The equations of motion associated with a vector field defined by a
symbol x™ and a set of boundary conditions contain in principle all the
information necessary to determine the evolution of the system. In the case
of a system of N spatially separated chemical components or bodies, the
space X is divided into a domain Py that is filled with matter, @\ =
{J. supp(p.), and a domain @y that is “empty,” Dy =X/Dy. A priori the
symbol x" might seem to be nonzero on @y only, since we must chose
ma(x) =0, x"(7,)(x") =0, etc., for x'e Dy. However, y* might also be
defined by its action on nonvanishing quantities on @y. Thus, for example,

(22) ol T ), Y, 4 (Bt e, B)
n n n n n

On E this can be rewritten

i i Tnj €n €n
XH<_) =—V,-<v’,, by — V,,>+ E;
Pn Pn m, m,

Assume that there exists a function w: R*™ >R (or §") such that

Up; o
/ —(By,,W)(qol(x ), ()
Then
Z gan,xunj =V,M~/
n pn/mn
Accordingly,

Vix”(vff)=—V,-Z(v{,p7T"j + M te, L Vm)

i.e., modulo a constant,

x“(»v)=—;( :

n/ p

or if we specialize to the case where

Sijﬂ-niﬂ’n' i i
u(-)zz-—zp—]-l—u()(pna qn, D’ B )
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then
ij

2m,

XH(‘;’):_Z{ [goﬁ,i(ayﬁw—enAi][(PL,j(ayf,w)_Aj]
+en% Z Vm+mmu'0n}-

m#=n

5. THE CLASSICAL AND QUANTUM EXTENSIONS

The above expression is a formal consequence of the application of
the symbol x™ on the function . It is a priori valid on @y,; however, we
may assume an extension of the validity of the symbol as part of the
boundary conditions. Thus we may write

- 87 . -
XH(W) = -Z {2"’1 [‘Pﬁ,t(aybw) - enAni][gD;,j(ay,l,w) - enAnj]

1
+en5 Z Vm,n+mnﬂl}

m#=n

The potentials A,; are assumed to be solutions of the Maxwell equations
on 9Py, i.e.,

dA;=-E~-V,YV,, 3D =e"V,H

where

E = o D, H, = po8;8
€o

and A,; = A, on dsupp(qg,). Some extra information is needed to establish
the potentials (V,,,); in fact, we must evoke the definition of electric field
strength, extending the definition of V,,=-V, u. Here V,, measures the
electri® energy needed to extract an “infinitesimal”” amount of charge from
the mth body. V,,, is assumed to measure the energy needed to separate
the bodies m and n to their respective positions. Thus, in particular we
must have

Vin =V  on 9supp(q.)
Vim = Vs on dsupp{q,)

Except for the context, these are the standard assumptions used to establish
a solution of the electromagnetic field equations in the void.
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5.1. The Classical Case

Let us assume that f, =0, and make a change from “Eulerian” to
“Lagrangian” variables, i.e., interpret yi(t)=¢.,(x") as the position of a
potential reference point in the nth body at the time >0 when (x') was
its position at time t=0. Moreover, if we then individualize the initial
positions by putting

V()= @ue(X1)
we obtain the Hamilton-Jacobi equation

i

8
Aw+Y, [2m

(ax,.w Am)(axjw An])+e Z Vm,n]

m#n

n

where
w(xi, ..., XN, D)= W(en(x), ..., en(xN))

on @y. It is therefore quite reasonable to believe that if the extension of
the bodies is small compared to the distance between them, the motions of
the bodies follow the characteristics for the above Hamilton-Jacobi
equation, i.e., satisfy the Hamilton equations

Pri =04

qn
q n= apni %

for
.

(=3 |

(pm' - enAni)(pru €, Anj) + €, z Vm,n]

m#n

This would thus mean that the bodies essentially follow the standard classical
motions.

§.2. The Quantum System

To describe a quantum system, we choose

f;i= 1( h) { (D[(Pnlgpnj(aynayn\/x)oq)-i—(pnU(a \/—) @
‘\/%o

+V,1n(,,) 0% (8 V%) D]+—= \/*V Ve, }
Jon

where x is a “fixed” function

A Ay eRN}P>R,
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ie.,
x" (%) = -} ,05(3, % )o®
and
q): R3N—)R3N; (9"1,---,§°N)"*(}’1,---,J’N)

is defined by y;=¢,..., yn = @N-.
Applying the same procedure as for the classical system, we obtain the
equations

&Y
ow= —{Z [2m (ax:,w - enAm')(ax{, - enAnj)

1 1 #? 87 ]}
te, < Von =3 7= 04i0y)
€3 L Ve g v oSV

m#n

1
==y Gx;[%fs”“m— (3xiw— e,,A,,,-)]

n

on %y. Notice that
x(xlg <oy XN, t) =.j:p,,(xl) . 'j(pN,(xN)’;((Plt(xl), sy ¢N!(xN))
It is well known that these equations give rise to the Schrédinger equation

1 8% (4 h 1
6,!//=,_ [ (_._ax,';_enAni>(—i-ax{;—enAnj)+en5 Z Vm,n]‘/’

ihn L2m, \i

m#n
for the wave function
= e™'"

In this case w:R*N - St

6. CONCLUSION

It is obvious that the theory thus presented is a direct generalization
of quantum mechanics, and as such is based on the same experimental
foundations. It is richer, however, and this permits us to make theoretical
connections outside the scope of quantum mechanics. In particular, this
theory opens up the possibility of giving a theoretical justification for the
models used in atomic physics.

The theory might also have some consequences for the interpretation
of quantum mechanics. In fact, since the very beginning the interpretation
of quantum mechanics has been obscured by a lost dichotomy between
matter and information, which was emphasized by the discussion between



1000 Aaberge

Einstein and Bohr. The extension of the framework of quantum theory that
is presented in this paper introduces this dichotomy and opens up the
possibility of resolving some of the quantum mechanical paradoxes.

In this respect one may tentatively suggest that the matter aspect is
entirely described by the fluid dynamical quantities, and that the f,’s or
rather » is determined by the “experimental conditions™ under which the
system is observed. If the expression “experimental conditions” is inter-
preted in a broad sense, including also, by transposition, the possibility that
it is in some sense in the nature of a nontrivial quantum system to create
these conditions by itself, this would explain why it is possible to claim
that the wave function describes the state of the system.

It might be possible to solve some old and almost forgotten problems
by applying the ideas presented above. However, this theory also gives rise
to new problems. In particular, one would like to have a theoretical jus-
tification for the form chosen for f,. In fact, our choice has been dictated
by the result we wanted to obtain.
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